On minimal degree of permutation groups

G < Sym(€2)

eg 0={1,2,3,4,5},G=S5, A5, D19

for z € G <Sym(£2),

deg(z): number of points moved by z

fixo(z): {w € Quw’ =w}

eg. v=(1,2,3)eSym({1,2,3,4,5}), deg(x) =3, fixq(r)=1{4,5}
minimal degree

minimal degree 1(G): min {deg(z):z € G}

e.g pu(Sym(n)) =2, p(Alt(n)) =3 (for n > 3)



e G, ={g9eCGwIi=w}

ex: G=5,, Gi=5,_1

The action of G on 2 and [G: G, are equivalent
e block: B C() with either BY=B or BN B= forany g€ G

block system: for finite 2, Q= By U ByU...UBy, B/ =DB;

ex:{1,2,3,4} ={1,2}U{3,4},G=((1,3,2,4),(1,2)) = Dg

block systems of (G «<=subgroups of GG containing Gz,

(G is primitive on () if there is no non-trivial block system of (G acting on (2
e (7 is primitive <= (4, is a maximal subgroup of G

Aschbacher 1989: Classification of primitive actions of classical groups

O’Nan-Scott-Preager: Classification of finite primitive G' (90s)



History for u(G), G primitive
Babai 1981: If Alt(Q) £ G, then u(G)>1/2(/]Q] —1)
Liebeck-Sax| 1990:
o either 1. u(G) >0
2. A, G <S), xS, <Sym(A"), A={k-subsets of [m]|} or A =[6]
3. "G LT xS, <Sym(A"), L is a simple group of Lie type over I,
L =soc(Ly), Ly is primitive on A
Guralnick-Magaard 1998:
e if G is primitive with 1(G) <%\Q], then
either 1. G isin LS.2 with k <m /4, m=6
or 2. Gisin LS.3 with L1 =0,,(2) with m >6



Observations:
1. for x € G <Sym(Q2), fixg(x) C fixg(x™)

2. for x € (G, and any block system 5
QO=BiUBsU...L DBy

fixa(z)|/1Q] < |fixs(x)|/|B]

3. deg(x) /|9 =1 — |fixa(z)| /€]

fixed-point-ratio of = with respect to the action of G on 2 is
fixa(z)| /[

Therefore,

min {deg(x) / |||z € G} <= maximum fixed-point-ratio among

all prime-order elements of G respect to all primtive actions



[F,: finite field, ¢=p/ for prime p

GL,(q): invertible n x n matrices over [,

SL,.(q): n x n matrices of determinant 1 over I,

PSLy(q): SLyn(q)/Z(SLn(q))

ex: GL,,(2) =SL,(2) =PSL,(2)

elements in GL,,(q)

e 1€ GL,(q) is similar to a Jordan canonical form over I,
2| is coprime to p <= x is diagonalizable over IF;

|x| is a power of p <= all eigenvalues of x are 1



Elements of a prime order r, = p

x € GL,(q), |x|=r <= eigenvalues of z are r-th root of unity, and = # 1

Take a field K =1IF: s.t (TFAE)

IK is the splitting field of " — 1 over I,

K =T,[w], where w is an r-root of unity

i is the minimal integer such that » divides ¢* — 1

v € GLy(q) <= 2, = 4

the eigenvalues of x are invariant under Gal(IF,: /)

x is similar to diag(Ay, ..., A, I.) over IF, with

1. the characteristic polynomial of A; is irreducible over IF,
with eigenvalues {w,w?, ... ,wqi_l}, where w#£ 1, w" =1

2. A; is similar to the [F-linear map of IF; by multiplying by w

IF,

g — i A\ — Aw



Guralnick-Magaard induction

H <Sym(2), [H, H] is quasisimple

() maximum fixed-point-ratio of ¢ among all faithful action of H

o keyl: H=AXB, g=(a,b)€ H, |B, B] quasi-simple with b¢ Z([|B, B])
either [fixq(g)|/|Q] < pp(b)
or [B,B|<G,

o key2: P=U x L, UXTF} (U elementary abelian of order p)
L, L] quasi-simple, [L, L] acts irreducibly on U, g€ P st gU ¢ Z(P /U)
then for an action of P on (2, either
1. [fixa(g)|/19] < ppju(gU)

2. for some u € U, we have Cr(u) < P,



Example G = L,,(2) by induction
Case 1: dim(Cy(g)) >1,s0 g€ P
Py =U x L (the stabilizer of 1-dim subspace)

U:< L )glpg—l, L {(H%)m € Ln 1(2)} 2 Lo 1(2)

Case 1.1 If g is similar to an element in L over I,
(conjugate in G =GL,(2) to an element in L)

then by induction |fixq(g)|/ |0 <1/2

Case 1.2. If ¢ is not conjugate in G to any element in L

then |g| =2,
g is similar to diag((é 1 >,...,<(1) 1 )) (since |g| =2)

so by key 2, either 1. |fixq(g)|/|Q| < pp, /v (gU)



or GG, contains Cr,(u) for some u e U,

note that P =U x L, with U%Fg_l and L acts transitively on

1[1] o
the non-zero elements in U, so WMA u:( 0|1 o ) and
0101, 2

11010
OL(U) = ( 0|1 j{ )O/E FS_Q, Ae Ln_2(2) = 5”_2 ><]Ln_2(2)
0fa’

Subgroups generate by transvections:

J. McLaughlin 1989: If K+ IF,, dim(V') > 2, GG is a subgroup generated

by transvections, and 1 is the only unipotent subgroup nomarlized by G, then
G=Gix...xG;correspond to V=V ... BV, with
1. V; invariant under G

2. Gily=1for i+ j, 3. Gi|ly,=SL(V;) or Sp(V;)



P.J Cameron 1989: for IK = [F, two more cases
1. G;|V;=0(Vj)
2. G;|V; =2 Sym(Q2) with [©2| > 5, V; is the irreducible permutation submodule of G,
Now if G, # P,,_1, P; (the stabilizer of (n — 1)-dimensional subspace)
Since GG, contain Cr,(u), the unipotent subgroup normalized by C7(u) is
I,| 0
(=)
G,=P, o thus G,=Py, P, 1.P5 Py o

Now gwdi&g((é 1),...,(3 1)) SO

1. dim(Cy(g))=n/2, there are 2"/2 —1 1-dim spaces fixed by ¢

and there are (2/2 —1)(2"/271—1)/3 2-dim s.t ¢ acts trivially on them



2. as a permutation on %', ¢ fixes 2"/2 vectors and acts as 2”/2_1(2”/2 —1)
2-cycles on remaining vectors

{2-dim subspaces s.t g acts as a transvection}«{2-cycles of ¢}

so there are 2"/271(27/2 — 1) 2-dim spaces s.t ¢ acts as a transvection

e Totally there are (2" —1)(2" ! —1) /3 2-subspace of [}’

3X2n/2—1(2n/2_1) (2n/2_1)(2n/2—1_1) 1
SO ’ﬁXQ(g)’/’Q‘ S (2n_1)(2n—1_1) + (2n_1)(2n—1_1) <§




Case 2.
e ¢ acts irreducibly on V
so g~ [A], the eigenvalues of ¢ over Fyn are {w,w?, ..., w?" '}
with w primitive 7-th root of unity and Fyw| = Fan
e The centralizer of ¢
[Forn XI55 as an [Fo-linear space, multiply by any element in IFo» is a [Fo-linear map
so 55 < Cp, (2)(9), and Cy, (2)(g) = TFy% (called singer cycle)

e Permutation character: 7(¢g) =fixq(g)

C 5 1/2
fixa(g)l/|0] < g+,

m + 1 m

with m the minimum degree among all complex characters



Case 3: g~ [A1,..., Ay /4] with dim(A;) =d

for n <5 by GAP with permutaiton character, one exceptional case
G = L4(2) = Ag, with G, = A7 (the action is on 8 pts)

for n >5, g is conjugate to an element in Ly(2) x L,, —4(2)

{(%}%)mad(z),B € Lo_a(2)}

By key 1 and induction either 1. [fixq(g)| /|9 < pr, (9]0, .2))
or 2. GG, contains L, _4(2)

In 1, either |fixo(g)| /|2 <1/2, or n=6,d=2, G, contains Az

In 2, the unipotent subgroup normalized by (g, L,,_4(2)) is

Iyl o ;| = |

so G, = Py, P, (stabilizer of d or n — d-dim subspaces)
or d=n—d and G, = Lg(2)* x S



So G, =Py, P, _q, Lg(2)?> x S5, or n="6 and G, =Sp(6,2)

gN

over Iy, with eigenvalues in Fya {w,w?, ..., w

[A1,..., A, 4] with the characteristic polynomial of A; irrducible
}, and Fow] = Fya

2d—1

A; similar to multiplying by w on IFya

For any d — dim subspace W fixed by g, glw=A;

so when g~ [A,... A], g fixes most d-dim subspaces

2" —1
2d — 1

i.e g is similar to a scalar matrix in GL,, /4(2%), g fixes
d-dim subspaces

Similarly, when g is similar to a scalar matrix in GL,, /4(2%), ¢
fixes most n — d dim subspaces

when n = 2d and g is similar to a scalar matrix in GLy(29),

then g fixes most direct decompostion of V' to 2 d-dim subspaces



If n=6,d=2 (G=Lg(2)) and G, =Sp(6, 2)

Then the action of GG on () is euigvalent to an orbit of GG acting
on A?(V)=Spanp,{e;®e; —e; ®e;|1 <i,j <6}

So |fixa(g)| = |Cr2(v)(9) \{0}]

2 2 2]

g~ |w,w? w,w? w,w?] over IFy, with w?=1

Take {e1,...,eq} eigenvectors of g over IFy @, IFS = IF then
OEL@FQAQ(V)(Q)
=Spang,{e1Aes, e1Aey, e1Aeg esNea, esNey, esNeg esAea, esNey, esNeg}

and dim(CAQ(V)(g)) = dim(CIP‘4®F2A2(V)(g)) =9

29—-1
So |fixa(9)l/19=1ga7

Burness Guranick 2022: 1.(G, z, Q) with fixg(x) > H;l 2. lists of G with p(G) <§]Q]






